We consider Hopf algebras of the form U (R Q ) where R Q is a YangBaxter operator related to a multiparameter deformation of GL n and U (R Q ) is the quantum enveloping algebra obtained by the FRT construction. The Hopf algebras U (R Q ) are all shown to be of type A n , yet they are not all twists of each other. This is surprising in light of Reshetikhin's result that all multiparameter quantum groups can be obtained from twisted Hopf algebras. We exhibit families of finitedimensional Hopf algebras arising from U (R Q ), including the new family of Hopf algebras of type A n constructed by Andruskiewitsch and Schneider, with different groups of group-like elements. We discuss also the case when the determinant of A(R Q ) is central and give an example of a corresponding U (R Q ) of type A 3 with a group of grouplike elements generated by one element.
Inroduction
After the of appearance of Drinfeld and Jimbo's quantum enveloping algebras U q (g) which are 1-parameter deformations of U(g), a natural generalization was to study U q,Q (g), multiparameter deformations of U(g). Dual constructions are that of O q (G) and O q,Q (G) which are 1-parameter and multiparametr deformations of O(G), the algebra of coordinate functions on the Lie group G. In the late 80's and early 90's there was a great interest in multiparameter deformations of both kinds (e.g. [AST, H, Re, Ta] and others).
The interest in the subject was however diminished due to the result of Reshetikhin who showed that for continues parameters all multiparemeter deformations U q,Q (g) can be obtained from U q (g) by twisting the coalgebra structure. Dually, all O q,Q (G) can be obtained from O q (G) by twisting the algebra structure.
A general algebraic approach to quantizations, established about the same time as Drinfeld and Jimbo's constructions, is that of Faddeev-ReshetikhinTakhtajan [FRTa] . Given a Yang-Baxter operator R, a bialgebra A(R) is constructed, similar in spirit to O q (G). In [AST] Artin-Schelter-Tate constructed a multiparameter deformation of O(M n (C)) that can be obtained as A(R Q ) for an appropriate operator R Q . Here again it was proved that all these deformations can be obtained from the known 1-parameter deformation of O(M n (C)) by twisting the algebra structure via a 2-cocycle on a free abelian group. The coalgebra structure is unchanged and the new object is again a Hopf algebra. In fact, this twisting can be described in terms of the dual twisting suggested by Reshetikhin. Based on the bialgebra A(R) [FRTb] have constructed a Hopf algebra U(R), which is contained in the dual algebra of A(R). For appropriate operators R the Hopf algebras U(R) are related to multiparameter deformations of U(g) but not necessarily identified with them. Due to the mentioned observation of Reshetekhin and to the [AST] construction it is natural to ask: Question: If R is a Yang-Baxter operator for which the algebra structure of A(R) is a twisting of some known 1-parameter deformation, are all U(R) twisting of each other?
The answer is surprisingly negative as will be shown in the sequel. A possible explanation for this behavior is the fact that the process of defining the elements of U(R) as elements of the dual of A(R) involves some localizations, depending on the parameters. As a result families of Hopf algebras U(R) which are not twistings of each other are obtained.
In fact the counter examples discussed in this paper are all of type A n , as defined by Andruskiewitsch and Schneider in their recent studies e.g [AS1, AS2] . In [AS1, Example 7.27 ] the authors characterized all finitedimensional pointed Hopf algebras of type A n . They used this characterization to construct an example of a new family of finite-dimensional Hopf algebras of type A n .
In this paper we consider the Hopf algebras U(R Q ) for different choices of the parameters in Q, where R Q is the Yang-Baxter operator associated with a multiparameter deformation of O(M n (C)) as described in [AST] . By using the methods of [AS1] and the description of U(R Q ) given in [To] we show in Proposition 2.1 that the Hopf algebras U(R Q ) are always of type A n . They are not all twistings of each other though. Indeed, we exhibit in Theorem 2.2 families of finite-dimensional Hopf algebras arising from U(R Q ) with different groups of group-like elements, and thus these Hopf algebras can not be obtained from each other by twists. Although not all pointed Hopf algebras of type A n can be realized as U(R Q ), the particular new family described in [AS1] can.
The structure of the group of group-like elements of U(R Q ) strongly depends on the determinant element of A(R Q ). Recall that the bialgebra O q (M n (C)) can be obtained as A(R Q ) for a special choice of the parameters in Q and that its determinant group-like element is central. The Hopf algebra U q (gl n ) and the lusztig's finite-dimensional Hopf algebra u q (gl n ) are both obtained as the corresponding U(R Q ), depending on whether or not q is a root of unity, while U q (sl n ) and u q (sl n ) are Hopf subalgebras respectively. We show in Theorem 2.4 how this situation is generalized for a Hopf algebra of the form U(R Q ) where A(R Q ) admits a central determinant. Example 2.5 is then a special examples of a (new) Hopf algebra of this type. We construct a Hopf algebras of type A 3 with a group of group-like elements generated by one element (while the group of group-like elements of u ≥0 q (sl 3 ) is generated by two elements).
In the second part we prove in Theorem 3.2 that U(R Q ) is always a Hopf quotient of a double crossproduct of its "≥ 0" and "≤ 0" parts. This implies in particular that U(R Q ) is quasitriangular when it is finite dimensional.
Preliminaries
Throughout we assume that the base field k is algebraically closed of characteristic 0.
Twisted Hopf algebras:
Let H be a Hopf algebra. A twist for H is an invertible element F ∈ H⊗H which satisfies
Given a twist F for H, one can define a new Hopf algebra H F where H F = H as an algebras and the coproduct is determined by
We are interested in the particular case when F ∈ kG(H)⊗kG (H) , where G(H) as the group of group-like elements of H.
Dually, a linear form σ : H ⊗ H → k is called a Hopf 2−cocycle for H if it is convolution invertible and satisfies:
for all a, b, c ∈ H. Given a Hopf 2−cocycle σ for H, one can construct a new Hopf algebra H σ as follows. As a coalgebra, H σ = H. The new multiplication is given by
for all a, b ∈ H. The new antipode is given by
for all a ∈ H.
grH as a biproduct:
In what follows we give is a brief overview of this subject based on one of the many possible references (see for example [AS1, AS2] ).
Let H be a pointed Hopf algebra over an algebraically closed field of characteristic 0, let H n , n ≥ 0 denote the coradical filtration of H and set
where gr H(n) = H n /H n−1 for all n ≥ 0. Then gr H is a graded Hopf algebra. There is a Hopf algebra projection π : gr H → gr H(0) = kG and a Hopf algebra injection i : kG → gr H. By [R1] this implies that we have a biproduct
is the algebra of the coinvariants of the induced H-coaction.
It is known that R is a graded braided Hopf algebra in the category of left Yetter-Drinfeld modules over kG. The action of kG on R is given by the adjoint action of the group and the coaction is given by ρ = (π ⊗ id) • ∆. The original Hopf algebra is then a lifting of R#kG.
By [R1] there is a coalgebra projection Π : R#kG → R given by
The following lemma follows directly from the definition of Π. We include it here for completeness.
The vector space V = P (R) of primitive elements of R is a Yetter-Drinfeld submodule of R with a braiding (called the infinitesimal braiding)
The Nichols algebra of V, B(V ), is in this case the subalgebra of R generated by V.
If the group G is abelian and V is finite-dimensional then the braiding is given by a family of scalars l ij ∈ k, 1 ≤ i, j ≤ n so that
where {x 1 , . . . , x n } is a basis of V. We say that the braiding is of Cartan-FL-type if there exist q = 1 so that for 1 ≤ i, j ≤ n
where (a ij ) is a generalized symmetrizable Cartan matrix with positive inte-
The Cartan matrix is invariant under twisting (in the sense of [AS2, §2] which is a variation of Reshetikhin [Re] ).
More precisely, let G denote the group of characters of the abelian group G and let σ be a (convolution)-invertible 2-cocycle on G. Then σ gives rise to a twist F ∈ kG ⊗ kG. It is proved that the infinitesimal braiding of H F is of the same Cartan matrix as that of H.
The Hopf algebras A(R Q ) and U(R Q ):
The reader is referred to [To] for the full details; we follow the notations there.
Let Q = {r = 1, p i,j } 1≤i<j≤n be n 2 + 1 non-zero elements of k and
Let V be a vector space with a basis {v 1 , . . . , v n } and let R Q : V ⊗V → V ⊗V be the following Yang-Baxter operator:
Let A(R Q ) be the associated bialgebra constructed by the FRT-construction and described in [AST] . Recall that A(R Q ) is generated as an algebra by {T
0 be the FRT-construction of the U-Hopf algebra described in [To] .
We recall that for 1 ≤ i ≤ n the group-like elements K i , L i ∈ U Q are the algebra automorphisms defined on the generators
There are also skew-primitive elements
The commuting relations for the K i 's and the E j j+1 's are given by:
} 1≤t≤n, 1≤i≤n−1 . It was proved [To, Th. 8.5 ] that U Q has a PBW basis given by products of powers of elements
The elements {E i j } i<j can be defined successively starting from the elements {K t , E i i+1 } via the identities in [To, (5.14) + -(5.18) + ]. Similarly, the elements {F l k } k<l can be defined successively starting from the elements {L t , F i+1 i } via the identities in [To, (5.14) − -(5.18) − ]. If r is a root of unity then the additional identities (
hold, where e(Q) is defined in [To, (8.1)] . Any other relation among the E j i 's or among the F l k 's can be derived from these sets of identities.
2 Hopf algebras of type A n arising from U Q In this section we discuss gr U Q and show that it provides new examples of Hopf algebras of type A n .
Consider the (Hopf)-subalgebra B l ⊂ U Q generated by :
. By Lemma 1.1 we have that
is a subspace of primitive elements contained in R. Observe that for each i,
Let SLG be the group generated by the n − 1 group-like elements
Then V is a Yetter-Drinfeld module over kSLG. We consider the Hopf algebra B(V )#kSLG ⊂ gr B l . Since the Yang-Baxter operator R Q is related to GL n one would expect The following proposition.
Proposition 2.1. Let V and SLG be as above, then B(V )#kSLG is of type A n .
Proof. We need to compute the coefficients l ij of the braiding. Since
−1 x j which is given explicitly by:
Thus the braiding is of Cartan type A n as claimed
The structure of B(V ) depends only on r. It is finite-dimensional when r is a root of unity by [To] or by [AS1] . In fact B(V ) is isomorphic to the "positive" part of either u q (sl n ) or U q (sl n ), (where u q (g) is Lusztig's finite-dimensional Hopf algebra derived from U q (g) when q is a root of unity).
The other parameters determine the group G(U Q ). The group will be infinite if any of the parameters p i,j , r is not a root of unity. This follows from the definition of the generators K i given in (5). Thus B(V ) may be finite-dimensional while SLG is infinite. Furthermore, some of the K i 's may be of finite order while the others are of infinite order.
For the finite-dimensional case we show how different choices of the parameters {p ij } may provide non-isomorphic groups SLG. Theorem 2.2. Let Q = {r = 1, p i,j ∈ k} 1≤i<j≤n be n 2 +1 non-zero elements in k, let A(R Q ), U Q be the FRT constructions associated with the Yang-Baxter operator R Q and let V and SLG be defined as in (9) 
Hence the order of K i depends on the order of {κ i j , j = 1, . . . , n}. Now, p ij q ij = r for all i < j hence if the order of each p ij is N ij then the order of each q ij is lcm{N, N ij } and thus the order of each K i = lcm{N, N ij , 1 ≤ j ≤ n}.
For any 1
It follows by part 1 the order of each K i is NM i and hence the order of each K i is Nm i .
Set p i,i = 1 and p j,i = p −1 ij for i < j. Recall [AST, Th. 3 ] that A(R Q ) has a normal group-like element which is central if and only if P l = P k for all l, k where
Since for all i < j, q i,j = r/p i,j it is not hard to check that
We have:
Proposition 2.3. If the determinant element of A(R Q ) is central then σ is a central group-like element of U Q .
We consider now some properties of the finite-dimensional Hopf algebras which are obtained when the bialgebra A(R Q ) admits a central determinant.
Theorem 2.4. Let Q = {r = 1, p i,j ∈ k} 1≤i<j≤n be roots of unity, let A(R Q ), U Q be the FRT constructions associated with the Yang-Baxter operator R Q and let V and SLG be defined as in (9) 
If the common order of the K i is relatively prime to n then G(B l ) = σ × SLG where σ is the central group-like defined in (12).
Proof. 1. By (11), the order of each P i = lcm{N, N ij , 1 ≤ j ≤ n} which is also the order of K i . Thus if the P i 's are all equal then the order of the K i 's are all equal.
Note that
∈ σSLG for all i. If the order of each K i is m and (m, n) = 1 then this implies that K i ∈ σSLG.
As it is known, by letting r = q 2 and p ij = q for i < j the corresponding U Q is U q (gl n ) if q is not a root of unity and u q (gl n ) otherwise.
The following is an example of a finite-dimensional U Q so that the determinant of A(R Q ) is central. But unlike u q (sl n ) and u q (gl n ) the generators K i and K i are not free. This implies that this Hopf algebra can not be obtained by twisting a known one.
Example 2.5. Let n = 3 and let q be a 7 th root of unity. Let
Then the determinant element of A(R Q ) is central by (11). A direct computation using (5) shows that
In the next example the n − 1 generators K i are free, but not the K i .
Example 2.6. Given n, let q be a root of unity of order n + 1. As for the 1-parameter deformation u q (gl n ), let
U Q as a double crossproduct
In this section we show that for any choice of {r = 1, p ij } 1≤i<j≤n the Hopf algebra U Q can be considered as a quotient of a double crossproduct which is quasitriangular in the finite dimensional case.
We recall first the definition of the double crossproduct [R2] . Let B and H be bialgebras so that B is a left H-module coalgebra, H is a left Bmodule coalgebra and certain comparability conditions are satisfied. The double crossproduct B ⊲⊳ H [Mj, 6.43] is is the tensor product B ⊗ H with a coalgebra structure given by the ∆ B ⊗ ∆ H . The multiplication is defined with respect to the two given module structures. We omit here the general definition of the product; instead we will consider the following:
Let H be a Hopf algebra with a bijective antipode and B a sub Hopf algebra of (H 0 
are defined for all h ∈ H, p ∈ B. One can define an H-module structure on B and a B-module structure on H that satisfy all the necessary conditions for the double crossproduct. In this case the product in B ⊲⊳ H is given explicitly by
If H is finite dimensional and B = (H * ) cop the the double crossproduct is the Drinfeld double D(H).
We recall also more definitions and results from [To] . The bialgebra A(R Q ) is endowed with an invertible braiding < | > R . The braiding is given on generators by
* be the following maps:
for all a ∈ A(R Q ). Recall that λ + is an anti-algebra and a coagebra map given explicitly by:
and ρ + is an algebra and an anti-coalgebra map given by [To, (6.14) ] (after a slight modification) by
Note that
>= the algebra generated by {imλ
>= the algebra generated by {imρ + , L i } Observe that (6) and (7) imply that B l and B r are Hopf algebras. Moreover, U Q = B l B r .
Lemma 3.1. There exists a Hopf algebra injection
Proof. Define a mapθ :
¿From the definition of λ + and ρ + it follows thatθ is well defined, injective, algebra and anti-coalgebra map. We extendθ step by step:
Step 1: For any 1 ≤ j ≤ n we wish to extendθ(L 
Observe thatθ(L −1 j ) is multiplicative as an element of (Im(λ
Step 2: We extend the domain ofθ by lettinĝ
for all 1 ≤ j ≤ n.
Step 3: In order to extendθ to a map θ : B r → (B l ) * The only undefined values are those involving terms of the form θ(F j+1 j
where the right hand side has been defined in the previous steps. Thus define:
and extend θ(v) to monoms containing K −1 i in B l with respect to the coproduct in (B r ) cop . Then θ is the desired injection.
Before proving the main theorem of this section we wish to precede with some calculations. By abuse of notations denote θ(L j ) by L j . Set
Observe that e i = λ + (T i i+1 ) by (14) and
) by (15). By (3) and (14) we have
Since θ is an anti-coalgebra map it follows that S • θ = θ • S −1 , and thus
Hence (3) and (16) imply that
Now, by (6) we have
It follows that Proof. Define φ : B r ⊲⊳ B l → U Q on generators by:
r it follows that φ is surjective. Since the coproduct in the double is the tensor coproduct it follows that φ is a coalgebra map. Thus we need only to check that φ is an algebra map.
Since B r and B l are contained as Hopf algebras in the double it follows from the definition of φ that it is enough to check multiplicity on generators of the form (ε ⊲⊳ w)(u ⊲⊳ 1).
We will start from the relations among the group-like elements: Observe that (13) implies that:
Thus all group-like elements in the double commute which is preserved in U Q and so
Next we check relations between K i and f j . Observe that
Hence by the definition of φ,
which by [To, 5.21] are the same identities as in U Q . Consider now the relations between the {e i }'s and the {f j }'s. For the sake of convenience let L i K j denote the element L i ⊲⊳ K j = (ε ⊲⊳ K j )(L i ⊲⊳ 1) in the double. We show first that:
Indeed, (ε ⊲⊳ e i )(f j ⊲⊳ 1) = = f j 2 ⊲⊳ (S −1 f j 1 ⇀ e i ↼ f j 3 ) (by (13)) = S −1 f j 1 (e i 3 ) f j 3 (e i 1 ) (f j 2 ) ⊲⊳ e i 2 = L −1
) (by applying ∆ 2 to e i and f j and by (18) and (19) (18), (20) and (21)
Since by (2) κ i+1 i κ i i+1 = r (22) follows. Now, by [To, 5.23a ]the following hold in U Q :
Hence: 
Therefore, φ ((ε ⊲⊳ e i )(f j ⊲⊳ 1)) = φ(ε ⊲⊳ e i )φ(f j ⊲⊳ 1)).
This conclude the proof that φ is multiplicative.
We have shown that U Q is a homomorphic image of the double crossproduct. Note that the relations among the {E 
